Super-resolution optical fluctuation imaging (SOFI) provides a resolution beyond the diffraction limit by analysing stochastic fluorescence fluctuations with higher-order statistics. Using th order spatiotemporal cross-cumulants the spatial resolution as well as the sampling can be increased up to n-fold in all three spatial dimensions. In this study, we extend the cumulant analysis into the spectral domain and propose a novel multicolor super-resolution scheme. The simultaneous acquisition of two spectral channels followed by spectral cross-cumulant analysis and unmixing increase the spectral sampling. The number of discriminable fluorophore species is thus not limited to the number of physical detection channels. Using two color channels, we demonstrate spectral unmixing of three fluorophore species in simulations and multiple experiments with different cellular structures, fluorophores and filter sets. Based on an eigenvalue/ vector analysis we propose a scheme for an optimized spectral filter choice. Overall, our methodology provides a novel route for easy-to-implement multicolor sub-diffraction imaging using standard microscopes while conserving the spatial super-resolution property. This makes simultaneous multiplexed super-resolution fluorescence imaging widely accessible to the life science community interested to probe colocalization between two or more molecular species.
Introduction
Multicolor fluorescence microscopy is an invaluable tool for the study of cellular structures and function.
Classical optical microscopes provide single-fluorophore sensitivity, however the spatial resolution is limited due to diffraction 1 . During the last two decades, several super-resolution microscopy techniques overcame this limitation by exploiting on-and off-switching of fluorophores in an either deterministic or stochastic manner 2, 3 . These methods often require fluorophores with high photostability (e.g. in stimulated emission depletion microscopy (STED)) or high off-to-on-switching ratios (e.g. in singlemolecule localization microscopy (SMLM)). Super-resolution microscopes are only slowly finding their way into routine biological application due to complexity in instrument and sample preparation. Overcoming these hurdles with novel schemes may increase the adoption of advanced microscopy techniques. The above mentioned restrictions pose important road blocks for multicolor imaging applications. Several subdiffraction imaging methods have demonstrated multicolor imaging 4, 5 . They mainly rely on fluorophores with distinct spectra [6] [7] [8] [9] , more complex probes and labels for multiplexing [10] [11] [12] which are recorded sequentially in multiple channels, or on more complex approaches taking advantage of other fluorophore properties such as fluorescence lifetime 13 .
The difficulty in obtaining optimal fluorophore behavior across the spectrum compatible with the constraints imposed by SMLM limits multicolor camera-based nanoscopy at present, i.e. it is problematic to identify suitable fluorophore multiplets. Workarounds such as spectrally resolved STORM 14 allow the use of several far-red-emitting fluorophores, albeit at the cost of much-increased hardware and analysis complexity. Thus, there is a need for robust and easy-to-implement multicolor sub-diffraction imaging.
Super-resolution optical fluctuation imaging (SOFI) 15, 16 provides an elegant way of overcoming the diffraction limit in all spatial dimensions 17 . A classical widefield fluorescence microscope is used to acquire an image sequence of stochastically blinking fluorophores. Post-processing by calculating higher-order cumulants leads to a resolution improvement growing with the cumulant order. Unlike single-molecule localization-based techniques, SOFI does not require the spatiotemporal isolation of individual fluorophores' emissions 18, 19 and is thus compatible with a wider range of blinking conditions and labeling densities. Thereby, SOFI simplifies the fluorophore selection, which is particularly welcome due to the inherent difficulty in labeling more than one protein in sufficient quality for super-resolution microscopy.
Furthermore, due to the inherent optical sectioning properties of SOFI, the imaging of thick samples can be performed with widefield illumination and does not rely on physical background reduction, such as total internal reflection 20 .
To date, cumulant analysis has been used for spatial super-resolution 15 . In this work we generalize the cumulant analysis by extending it into the spectral domain to pave the way towards a novel multicolor SOFI. Unlike for other multicolour approaches, the crosstalk between the different physical color channels is a key ingredient for generating additional virtual color channels.
To our knowledge, only two-color SOFI has so far been demonstrated and used to visualize different structures in a cell and most experiments have been conducted sequentially 19, [21] [22] [23] . However, by imaging multiple spectral channels step by step, one key feature of cumulants is not exploited, i.e. the crosscumulation in between detection channels.
In spatiotemporal cross-cumulation 16 various combinations of cross-cumulants between neighbouring pixels are used to obtain virtual pixels (i.e. a denser sampling of the super-resolved image). Here, we apply cross-cumulants between multiple simultaneously acquired spectral channels. The physical detection channels are thereby supplemented by virtual spectral channels to obtain a finer spectral sampling. The refined spectral sampling allows linear unmixing 24, 25 of many distinct fluorophore colors NC with at least 2 recorded physical acquisition channels. For an n th -order cumulant analysis of Np physical channels a total of Nc cumulant color channels can be generated, with c = �
the number of distinct n-tuple combinations of the Np physical channels without permutations.
Results

Spectral unmixing using spectral cross-cumulants
Classical simultaneous multicolor imaging is achieved by adding dichroic filter in the imaging path to separate the light into two or more distinct spectral channels. For the following discussion, we will consider the simplest case where only two physical channels are used (see Supporting Information Section
Theory of spectral unmixing using spectral cross-cumulants for a general discussion). For a given dichroic leading to an overall transmission spectrum ( ) and fluorophore species with an emission spectrum ( ), we can define the transmission =
describing the collection of fluorescence signal which is detected according to the spectral response of the respective channel (determination of and see Supporting Information
Section Transmission and reflection coefficients). If absorption and scattering of the dichroic is neglected, the relation = 1 − holds. If we consider three spectrally distinct fluorophore species to be detected by two spectral detection channels, we can express the intensities ; ( ) recorded in both spectral channels as
(1)
with ( ) being the intensity distribution of dye species i measured at the detector pixel r. This linear system can only be solved when using additional information to retrieve the images of the distinct dye species 24 , as there are three unknowns 1 ( ), 2 ( ) and 3 ( ) for only two measurements ( ) and ( ).
Assuming stochastic, independent blinking of all fluorescent emitters, we can apply cumulant analysis on the time series ; ( , ) recorded in the two physical channels and generate a so-called virtual spectral channel by computing the second-order cross-cumulants (see Figure 1 ). This virtual channel contains only cross-talk contributions from emitters that are detected and most important are correlated in both physical channels. Due to the additivity 15 , the cumulant of multiple independent fluorophore species corresponds to the sum of the cumulants of each individual species and we can rewrite:
where 2, and 2, are second order SOFI images calculated using intensities of two-pixel combinations from the reflection and transmission channel 16 , respectively . 2, is the second order spectral crosscumulant image calculated using one pixel from each physical color channel. 2 { ( , )} = 2; denotes the second order cumulant of the different dye species i. The possibility to compute an additional channel is the key to enabling unmixing by inversion of the linear system of equations (see Equation 2 ). We can thus recover the individual second order cumulants for the three fluorophore species provided the spectral sensitivities of the dyes allow inversion of the matrix in equation (2) . We provide a guide for selecting the optimal combination of dyes and filter set based on an eigenvalue/ vector analysis in the Supporting Information ( see Section Optimization of multicolor SOFI via eigenvalue and eigenvector analysis)) So far, we have considered the simplest case of two physical channels, however, this novel crossspectral cumulant analysis can be in principle generalized to obtain additional virtual spectral channels as shown in the Supporting Information Section Theory of spectral unmixing using spectral cross-cumulants.
Workflow spectral cross-cumulant analysis for multicolor SOFI
In our experiments, we implemented two physical detection channels using a dichroic filter that spectrally splits the fluorescence emission and dispatches the reflected and transmitted light on two synchronized sCMOS cameras (see Figure 1a) . To demonstrate the feasibility of the described multicolor SOFI with spectral unmixing, we first generated simulated datasets (see Materials and Methods). In the second step, the second-order spectral cross-cumulants are calculated to generate the three spectral channels 2, ( ), 2, ( ) and 2, ( ) as described above. The second-order cross-cumulant analysis adds a virtual color channel which already leads to a better spatial resolution inherent to raw SOFI images 15 . The individual patches can be identified, but the dyes are not yet unmixed. If the spectral crosscumulants are computed with different spatial shifts and/or temporal delays, the resulting image generally has an inhomogeneous weight distribution arising from the spatio-temporal decorrelation of the signal 16 (as can be seen in Figure 2 , steps 2-3). We use zero time-delays in order to be more flexible in the range of detectable temporal fluctuations, but use spatial cross-cumulants to increase the virtual pixel grid density 16 . It is important to note, that the different pixels involved in the spectral cross-cumulants in step 2 of the algorithm should have the same spatial shifts for a specific output pixel such that the matrix inversion for color unmixing following in step 3 (see Figure 2 , step 3) is possible. The fourth step consists in correcting for these inhomogeneous pixel weights by applying a distance-factor correction individually for each color or by maintaining the same mean for all pixel sub-grids, as it is applied for single-color spatial cross-cumulant SOFI. This flattening procedure cancels the spatial decorrelation arising from the finite PSF size 16 (see Figure 2 step 4 and Supporting Information for details). The last step (see Figure 2 step 5) consists in linearizing the cumulant response to brightness 25 by deconvolving each separate dye species image using Lucy-Richardson deconvolution, then taking the n th root and finally by reconvolving with a physically reasonable PSF. The patches can now be distinguished according to the spectra of the fluorophores and the patch size correlates with the wavelength (blue<yellow<magenta). Our analysis shows that spectral cross-cumulant analysis followed by unmixing tolerates a large range of intensities and blinking behaviour. We can thus generate multicolor images with all the advantages inherent to SOFI such as optical sectioning, elimination of uncorrelated background and increased spatial resolution 15 . We investigated the influence of different photophysical properties of the fluorophores such as very closely overlapping spectra, varying photostability, on-time ratio and brightness on the performance of our multicolor analysis (see Supporting Information Section Simulations). For commonly used triplets such as Alexa Fluor 488, Atto 565 and Alexa Fluor 647 the crosstalk remaining after our novel analysis is very low with 5% or less (see Table S2 ). When the fluorophore emission maxima are only ~10 nm apart, e.g. Table S3 ). Our exemplary analysis of filament-like structures shows that our multicolor processing is reliable for a wide range of expected fluorophore behaviour.
Experimental results
As a first experimental demonstration of multicolor SOFI with spectral unmixing, we imaged a time series of fixed HeLa cells stained with three different fluorophores. We collected the fluorescence light splitted across a dichroic at = 594 nm on two synchronized sCMOS cameras as mentioned above (see that is dominated by the WGA signal ( Figure 3b , blue and Figure S11 ). Figure S11 illustrates the remaining spectral crosstalk present in the three channels. The final unmixed color channels (see Figure   3c -f) manage to separate the cell's microtubule network (Alexa Fluor 488, blue) from the diffuse WGAstaining (Atto 565, green) and the typical Lamin B1 structure in the nuclear membrane (Alexa Fluor 647, red). WGA is a lectin that labels the cell membrane, but also the Golgi apparatus in the periphery of the nucleus and nuclear pore complex proteins in the nuclear membrane 26 . Residual crosstalk and imperfectly reconstructed microtubules are only apparent in a small part of the image in the periphery of the nucleus (see arrow in Figure 3f ), where many microtubules overlap with extremely bright Golgi staining.
Otherwise, the algorithm performs remarkably well although the image contains overlapping structures across the field of view and we use common fluorophores that have a high on-ratio under the applied moderate illumination conditions (Atto 565 and Alexa Fluor 488). 27 . Scale bar 5 μm.
Figure 3 Multicolor SOFI of the cytoskeleton, nucleus and cellular membranes of HeLa cells. a) Overlay of the average intensity acquired in the reflection (green) and transmission (red) channel using
As a second example, we included two densely labelled, almost completely overlapping structures in the nucleus of the cell. The DNA was stained with Hoechst-Janelia Fluor 549 with a blue-shifted spectrum compared to the previously used Atto 565 and the nuclear membrane was visualized as before (antibody staining of Lamin B1 with Alexa Fluor 647), with the focus on the bottom of the nucleus. The third structure is again microtubules that are labeled with Alexa Fluor 488 via antibodies. One can appreciate that our spectral cross-cumulant unmixing approach manages to disentangle the two nuclear stains due to the specific spatiotemporal fluctuations of the different fluorophores. Distinctly different small structures are revealed showing the expected patterns such as small folds in the nuclear membrane (see Figure 4 and Figure S12 ), whereas the overall shape appears in both the Janelia Fluor 549 and the Alexa Fluor 647 channel. Additional experiments confirm that spectral cross-cumulant analysis can be applied using different dichroic beam splitters (see Figure S13 and S14) and for fluorophores having a larger spectral overlap (see Figure S15 and S16). Only two lasers were needed for the excitation of the three species (Alexa Fluor 568 secondary antibody staining of mitochondria, Hoechst-Janelia Fluor 549 labeling and Alexa Fluor 647 microtubule staining), further reducing the complexity of the experimental setup.
Summary and Discussion
In this work, we have shown that the spectral sampling can be refined based on a spectral cross-cumulant calculation between simultaneously acquired color channels. Besides a reduced acquisition time compared to sequential imaging, the simultaneous acquisition of multiple color channels and spectral cross-cumulation allows to unmix several fluorophore species even with strongly overlapping emission spectra, where the number of species is not limited to the number of physical spectral channels. Using a basic two-color detection scheme we validate the spectral unmixing of three fluorophore species labeling in simulations and experiments. We demonstrate multicolor imaging of different structures, fluorophores and filter sets in HeLa and COS-7 cells. We also provide a guideline for optimized spectral filter choice based on an eigenvalue/ vector analysis. The proposed strategy corresponds to the experimentally most straightforward implementation, nowadays frequently met in commercial setups via image splitting units using one camera. The possibility of cross-cumulating between color channels thus translates the concept of spatial super-resolution to spectral super-sampling. Our analysis preserves all the advantages inherent to SOFI such as optical sectioning, elimination of uncorrelated background and increased spatial resolution 15 . Since we formulated multicolor spectral cross-cumulant SOFI in the theoretical framework originally devised for spatially super-resolved SOFI, it is intrinsically compatible with previous developments such as 3D SOFI 17 and bSOFI 25 . In particular, our approach could be combined with the recently published multiple-tau (mt)-pcSOFI 28 to double the number of imaged structures, provided suitable pairs of fluorophores (organic dyes, fluorescent proteins, polymer dots, etc) are available. mtpcSOFI achieves multiplexing using a single color channel by exploiting differences in blinking kinetics of dyes when calculating SOFI cumulants.
To conclude, we presented a generalized cumulant concept for multicolor spectral cross-cumulant SOFI analysis with thorough proof-of principle simulations and experiments. This novel approach proved to be robust and compatible with a large range of fluorophores enabling sub-diffraction imaging of several cellular structures while using readily available microscope hardware.
Materials and methods
Simulations
The code for simulations was based on the previously published "SOFI Simulation Tool" software package that simulated images of fluorophores from a single species recorded on one camera 29 . Briefly, for each fluorophore species, single emitters are randomly placed according to a certain spatial density and spatial distributions. For each emitter, the blinking behaviour is modelled as a time-continuous Markovian process with exponential probability distribution functions with average blinking on-time τon and off-time τoff. The camera detects on average on photons in the on-state. Fluorophore photobleaching is also considered by a single exponential decay with average bleaching time τpb. The PSF is assumed to be a rotationally symmetric 2D Gaussian and a standard deviation according to the numerical aperture, camera pixel size and wavelength of the fluorophore. A spatially constant background b is added to the total fluorescence signal. The summed signal per frame is then split in the transmission and reflection channel according to the emission spectra of the fluorophore and the spectral response curve of the microscope.
The generated image stacks , ( , ) and , ( , ) for the different fluorophore species i are then summed up and each pixel intensity is subjected to Poissonian noise. The intensity per pixel is converted to electric charge according to the quantum efficiency and gain of the camera and Gaussian noise with a standard deviation related to dark noise is added to obtain the final time series ( , ) and ( , ).
Chemicals
Unless noted otherwise, all chemicals were purchased at Sigma-Aldrich.
Cell culture
HeLa cells and COS-7 cells were cultured at 37 °C and 5 % CO2 using DMEM high glucose with pyruvate 
HeLa cell fixation and staining
HeLa cells were washed twice in pre-warmed buffer (microtubule stabilizing buffer (MTSB): 100 mM PIPES pH 6.8, 2 mM MgCl2, 5 mM EGTA or PBS for wheat germ agglutinin (WGA) staining), followed by application of pre-warmed fixation buffer (3.7 % paraformaldehyde (PFA), 0.2 % Triton X-100 in MTSB or 3.7 % paraformaldehyde (PFA) in PBS for wheat germ agglutinin (WGA) staining) for 15 min at room temperature (RT). Cells were then washed three times for 5 min each with 1× PBS and stored in 50 % glycerol in 1× PBS at 4 °C or the immunostaining protocol was continued to prepare samples for fluorescence imaging.
Fixed and permeabilized cells were blocked with 3 % BSA in 1× PBS and 0.05 % Triton X-100 for 60 min at RT or overnight at 4 °C.
WGA staining: Cells that were fixed without permeabilization were stained with 5 ng ml -1 WGA-Atto565
(preparation see below) for 10 min followed by three times 5 min washes with 1× PBS. Subsequently, the cells were blocked using blocking buffer containing 0.2 % Triton X-100. DNA staining: 10µM Hoechst-Janelia Fluor 549 in PBS was incubated for 10 min followed by three times 5 min washes with 1× PBS.
COS-7 cells fixation and staining:
The protocol is similar as described previously by Chazeau et al. Fluor 549 in PBS was incubated for 10 min followed by three times 5 min washes with 1× PBS.
Preparation of labeled proteins
2 mg ml -1 WGA (Vector Labs) was incubated for 1 h at RT while shaking with Atto565-NHS esther (Attotec) at a ratio of 1: 6 with the pH raised to 8.3 using sodium bicarbonate. The mixture was purified using illustra NAP Columns (GE Healthcare) according to manufacturer's instructions and eluted with slightly acidic PBS to recover labeled antibody at neutral pH. The protein concentration was estimated by absorption spectrometry to 0.5 mg ml -1 WGA-Atto565.
Imaging buffer
The samples were imagined in a 50 mM Tris-Hcl pH 8.0, 10 mM NaCl buffer containing an enzymatic oxygen scavenging system (2. ) and a thiol (2-Mercaptoethylamine). The thiol and a stock solution of 100 mM PCA in water, pH adjusted to 9.0 with NaOH, were always prepared fresh. PCD was aliquoted at a concentration of 10 μM in storage buffer (100 mM Tris-HCl pH 8.0, 50 % glycerol, 50 mM KCl, 1 mM EDTA) at -20 °C and thawn immediately before use.
Microscope setup
All 
Data processing
The algorithm was implemented in MATLAB (Mathworks). We adapted and extended the bSOFI MATLAB package used in 25 . For the case of 2 physical spectral channels (here: transmission channel T and reflection channel R, collecting fluorescence light in a specific wavelength range. A according to the combined spectral response of all the filters implemented in the microscope, with corresponding transmission and reflection coefficients per fluorophore species i) and a total of Nc fluorophore species we write:
Author contributions
with ( ) being the intensity distribution of species i measured on detector pixel r. This linear system cannot be inverted to solve for the images of the isolated fluorophore species for more unknowns 1 ( ), 2 ( ), …, c ( ) than measurements, i.e. for c > 2 in this case.
However, if we assume stochastic, independent blinking of all the fluorescent emitters of the different species 1 , we can apply cumulant analysis on the time series recorded in the transmission and reflection channels and generate an additional − 1 virtual channels by computing the n th -order cross-cumulants (provided appropriate sampling of the PSFs). Due to the additivity property, the cumulant of multiple independent species corresponds to the sum of the cumulants of each individual species and we can rewrite:
With ( , … , ) the set of n physical channels denoting the cross-cumulant that is computed using u pixels from the transmission channel and − pixels from the reflection channel. { ( , )} = ; denotes the n th -order cumulant of the different fluorophore species i.
General case of n th -order spectral cross-cumulant analysis and Np physical color channels
For the most general case of Np physical spectral channels (psc) and Nc fluorescent species i, we can define a corresponding proportion , of the intensity that is directed into the specific spectral channel.
If we assume stochastic, independent blinking of all the fluorescent emitters of the different species, we can again generate virtual channels by computing the n th -order cross-cumulants. Due to the additivity, the cumulant of multiple independent species corresponds to the sum of the cumulants of each individual species and we can rewrite:
) the set of physical spectral channels ∈ �1, … , p � denoting the cross-cumulant that is computed using pixels from the physical spectral channel . { ( , )} = ; denotes the n th -order cumulant of the different fluorophore species i. This computation of additional channels is the key to enable unmixing by inversion of the linear system of equations.
Single-color single-species cumulant for m emitters:
For m fluorescent emitters of a single fluorophore species i recorded in a single color channel, the n th -order cumulant can be written as 
Flattening:
Using cross cumulants, virtual pixels are calculated in between the physical pixels acquired by the camera.
Subsequently, proper weights are assigned to these virtual pixels in the so-called flattening operation assuming a known PSF 3 (see Equation S6) or optimal weights are calculated using a computationally demanding approach based on jackknife resampling 4 .
is the distance factor.
In this study, we used the simple yet effective approach of weighing to the same mean within sub-grids of the image. Calculating the n th order cross-cumulant, we obtain n-1 virtual pixels in between each pair of pixels of the original pixel grid. For example, in the case of the 2 nd order cumulant, we generate 3 virtual pixels for each physical pixel (i.e. there are 4 "pixel types" in the new, finer grid). This new grid can be divided into 4 mutually shifted sub-grids (each composed out of pixels of the same "pixel type"). These sub-grids represent the same image shifted by ps/n, where ps is the projected pixel size of the original image and n is the cumulant order. Assuming that these mutually shifted subsampled versions of the full image are supposed to have the same mean, the flattening can be performed by simply normalizing the sub-grids to the same mean value as the mean of the original image (i.e. sub-grid composed of the physical pixels).
Transmission and reflection coefficients
From spectral data of the used fluorophores and filters
The known fluorophore emission spectra are weighted with the spectral response curves of the reflection and transmission channels obtained from transmission data of the different (dichroic) filters that are implemented in the microscope (see Microscope setup section in Materials and methods of the main text).
An example of the fluorophore Alexa Fluor 568 and the dichroic splitting ~ 594nm is provided in Figure S1 .
Figure S1 Emission spectra of Alexa Fluor 568 multiplied with the spectral response curve of the reflection and transmission channel obtained by a dichroic color splitter (~594 nm) and a multi-band dichroic and emission filter to suppress the excitation laser light. Alexa Fluor 568 emission in the reflection channel (dark orange stripes), Alexa Fluor 568 emission in the transmission channel (dark orange), spectral response of the reflection channel (black dashed line) and of the transmission channel (black solid line).
Here, we assume ( ) + ( ) = 1 and use the transmission data provided by the manufacturer (can also be measured in a spectrometer). Subsequently, the transmission and reflection coefficients per fluorophore species i can be calculated by integrating the transmitted (see Figure S1 dark orange) and reflected emission spectra (see Figure S1 dark orange stripes), respectively, and by normalizing with the total emission: , =
. The transmission coefficients for the fluorophore and filter combinations used in this work are provided in Table S1 . 
Experimental determination
Cells are labelled with a single fluorophore species i and widefield images across the same filter combination as in the multicolour experiments are obtained in the reflection and emission channel.
Subsequently, the transmission and reflection coefficients for fluorophore species i can be calculated by summing the background corrected transmitted and reflected intensity, respectively, and normalizing by the total emission.
Optimization of multicolor SOFI via eigenvalue and eigenvector analysis
The selection of the best combination of dyes and adequate filter sets can be an overwhelming and challenging task. In this section, we discuss a systematic approach to guide potential users in this process.
Each fluorophore is characterized by its emission spectrum ( ). If we assume that we use a perfect dichroic filter with a transmission function
where ( ) is the Heaviside step function and is the characteristic wavelength of the dichroic, we can express the transmission and reflection coefficients , as
where we assume that the spectrum ( ) is already normalized. Similarly, we can express the unmixing matrix as a function of
The matrix ( ) is not invertible if one or more of its eigenvalues are equal to 0. In practice, the linear system is degraded by several noise sources and a matrix with an eigenvalue close to 0 is likely to be unstable. In order words, we need to optimizethe product | 1 || 2 || 3 | or maximize the smallest eigenvalue. Using ( ) we can compute the eigenvalues for any set of fluorophores as a function of . Figure S2a shows the spectal response of three dyes Alexa Fluor 488, Atto 565, Alexa Fluor 647 and the filter set of the microscope. Figure S2b displays the absolute value of the three eigenvalues of ( ) as a function of as well as their product. As expected, when is smaller than 560nm or greater than 700nm, at least one eigenvalue tendsto 0, meaning that at least two dyes are completely reflected or transmitted. We observe a maximum for the eigenvalues product at around 600nm, which corresponds to the theoretical optimal splitting wavelength. In the case of a real dichroic with non-idealized reflection and transmission characteristics, we have to rewrite and as
We can then rank any dyes and dichroic combination and select the 1 ( ), 2 ( ), 3 ( ) and ( ) that produces the least singular matrix. In our case, the choice of ZT594RDC with a splitting at 594nm results in the eigenvalues: 1.05, 1.05 and 0.245 (product of 0.27), validating the choice of the dichroic for this specific set of dyes.
The generalization to more channels and dyes is straightforward and will just add additional vectorial components to this eigenvalue/vector analysis.
The unmixing matrix ( ) corresponding to the experiments and simulations in this work is diagonalized = Λ −1 with = [ 1 2 3 ] and Λ = λ , as the three eigenvectors form a basis. As ( ) needs to be invertible, we choose λ such that λ ≠ 0 (see discussion above). Thus, the dimension of the image of M is the same as the dimension of its domain and the rank of the unmixing matrix equals the number of color channels. This confirms that our cumulant analysis indeed provides an independent third channel allowing the unmixing of the three fluorophore species.
Co-registration of physical color channels
Co-registration based on calibration measurements with beads
An affine transformation and bilinear interpolation (Matlab) based on a calibration measurement with fluorescent beads that can be detected in both physical channels is applied to the transmission channel.
We typically use ∅ 0.2 μm TetraSpeck beads or ∅ 0.17 μm orange beads from the PSF calibration kit (Invitrogen) dried on glass and covered in the supplied immersion medium.
Co-registration based on image correlation
The temporal standard deviation of the transmission and reflection channels is computed to generate two background free images. An affine transformation and bilinear interpolation (Matlab) based on the normalized cross-correlation between the two images is then applied to all the frames of the transmission channel.
Simulations -multicolor SOFI with spectral unmixing
To this end, we investigated the influence of different photophysical properties of the fluorophores on the performance of our multicolor analysis in simulations (for details on the simulations, please consult the main text and Materials and Methods). We simulate thin, densely labelled filaments that are partially overlapping, mimicking the cytoskeleton of cells. We first confirm multicolour imaging with fluorophores that range from green to (far infra-) red emission and verify that different photobleaching and blinking kinetics do not impair multicolour imaging as long as cumulant analysis is appropriately performed. Last, we show that our concept is also able to discriminate between three fluorophores with largely overlapping emission spectra.
We simulated filaments (dimensions ~ 5 μm × 0.04 μm) labelled with the commonly used fluorophores Alexa Fluor 488, Atto 565 and Alexa Fluor 647 (see Figure S2) . We chose the photophysical parameters to resemble typical SOFI conditions (see Ref. 5 and Figure S3 ) of densely labelled structures with blinking, but multiple overlapping emitters. Multicolour analysis is performed using coregistration based on simulated calibration measurements with multicolour beads that appear 50:50 in both physical color channels. We can faithfully recover the appropriate color channels, as can be seen in Figure S4c -f. We estimated the residual crosstalk between the recovered channels by quantifying the remaining background corrected signal of the non-overlapping part of the filaments (see Table 2 ). The estimated crosstalk of Alexa Fluor 488 into the Atto 565 channel was highest and with only 5 % still very low. All other contributions from fluorophores to the "wrong" channels were smaller. We could not determine the residual crosstalk in experiments, as a sample with non-overlapping structures and the fluorophores in question was not available (note: a technical sample with entirely separate structures would be best). An extremely faint spot at the crossing of the Alexa Fluor 488 with the Alexa Fluor 647 filament is seen in the unmixed Atto 565 channel, most likely due to spurious correlation arising from the very dense blinking with a high on-ratio. For these densely labelled structures with high on-ratio blinking it suffices to analyse only a few hundred simulated frames (see Figure S5 ). This allows extremely fast and easy-to-implement multicolour imaging. Table 2 Relative crosstalk in % determined in the three-color simulated sample in Figure S4 with 
Fluorophores with different photobleaching kinetics
To study the influence of differences in photobleaching, we considered Alexa Fluor 488, Atto 565 and Alexa Fluor 647 as above and only change the photobleaching time to 10, 40 and 80 s, respectively (see Figure S6 ). This already covers almost one order of magnitude difference in photostability. There is no noticeable change in the performance of our analysis, as the blinking kinetics and cumulant analysis are still appropriate for the fluorophore with the worst stability. 
Fluorophores with different brightness
Similarly, it is difficult to achieve equal brightness for all fluorophores in experiments due to different spectral properties and blinking behaviour. As in the first simulations above, we considered Alexa Fluor 488, Atto 565 and Alexa Fluor 647 and only changed the intensity from Ion = 400, 600 to 800 photons (τon = 20 ms, τoff = 180 ms), respectively. The algorithm recovers all three color channels faithfully (see Figure   S8 ) and the reconstructed filaments have no obvious difference in contrast. = 578/ 603 nm), see Figure S9 ). The multicolour results in Figure S10 show that our algorithm can even separate these fluorophores that are impossible to distinguish from the average diffraction limited reflection and transmission images. A detailed inspection of the images shows faint ghost images of filaments from the other channels. We again calculated the residual crosstalk between the recovered channels by quantifying the remaining background corrected signal of the non-overlapping part of the filaments (see Table 3 ). The estimated crosstalk of Alexa Fluor 568 and Abberior Flip 565 into the Atto 565 channel was highest with 14%. All other contributions from fluorophores to the "wrong" channels were smaller. 
